This paper is concerned with the large-time behaviour of globally defined smooth solutions of the initial-boundary value problem for the one-dimensional nonlinear thermoviscoelasticity system with memory.
Introduction
In this paper we consider the system of one-dimensional nonlinear thermoviscoelasticity,
2)
which is the Lagrangian description of the balance laws of momentum and energy of one-dimensional materials with reference density ρ 0 = 1. To the system is added a heat flux following the second law of thermodynamics expressed through the Clausius-Duhem inequality
(1.4)
In the above equations, u, v, e, σ , η, θ and q denote specific volume (deformation gradient), velocity, internal energy, stress, specific entropy, temperature and heat flux, respectively. The quantities e, σ , η, and q are given by so-called constitutive relations for the thermoviscoelasticity material considered. The functions u, θ, and e take only positive values. We will assume here that the boundary points of the material are stress-free and thermally insulated, that is, σ (0, t) = σ (1, t) = 0 t > 0, (1.5) q(0, t) = q(1, t) = 0 t > 0.
(1.6)
The prescribed initial values for u, v, and θ are:
u(x, 0) = u 0 (x), x ∈ [0, 1], (1.7) v(x, 0) = v 0 (x), x ∈ [0, 1], (1.8) θ (x, 0) = θ 0 (x), x ∈ [0, 1].
(1.9)
Without loss of generality, by superimposing a trivial rigid motion, we normalize the initial velocity so that 
where c v and k are positive constants, f (u) is twice continuously differentiable for u > 0,
There, the authors assumed the viscosityμ(u) to be uniformly positive, that iŝ
Moreover, they obtained the following asymptotic behaviour for the smooth solutions globally defined {u(x, t), v(x, t), θ (x, t)}:
(III) There exists a family of probability measure {ν x } x∈[0,1] on R (depending measurable on x) with supp
In this work we will extend these results for materials with memory, i.e., will consider a material with the following constitutive relations
where
Furthermore, we assume that the initial data are compatible with the boundary conditions. The paper is organized as follows. In Section 2, we comment the existence of global smooth solutions. In Section 3, we present some technical lemmas, and finally in Section 4, we give the proof of the main result.
Global existence of smooth solution
The existence of globally defined smooth solutions for the thermoviscoelastic problem (1.1)-(1.9) was obtained by Dafermos [2] in 1982, where solid-like materials with more general constitutive relations were considered. As in [3] , the solution to (1. 
Besides,
and also
where u − , u + , µ 1 , µ 2 are positive constants, not depending on t.
Proof. See [2] .
Technical lemmas
Lemma 3.1. There exists a positive constant C such that
Proof. Substituting σ from (1.12), we may write (1.2) in the form
which combining with (1.3) and using (1.12) gives
Multiplying by θ −1 and integrating over [0, 1] × [0, t[, we obtain in view of (1.1) and (1.6),
and using (1.1) again gives
Putting ξ = u(x, τ ) in the second integral of the right side, we obtain
and denoting
Now, we will prove that
Using (1.1), (1.13) and (2.1) and reminding that
This, with (1.13), (2.1) and (3.1) and the inequality log θ ≤ θ − 1, for θ > 0, implies
Integrating (1.1) over [0, 1] × [0, t[ and using the boundary conditions we obtain the conservation laws of total momentum and energy:
Due to (3.3) and the mean value theorem, there exists y(t) ∈ [0, 1] for every t ≥ 0 such that
which, combined with (3.2) and (3.4), yields
Finally,
Lemma 3.2. There exists a positive constant C such that
With the help of (1.5), (1.6), (1.12), (2.1) and (2.2), and Young's inequality, we arrive at
To estimate the term
we multiply ( 
By using the Cauchy inequality with the term
Multiplying (3.9) with a suitably large positive constant, and combining with (3.10), we get
Applying Gronwall's inequality to (3.11) and using (3.7), one arrives at Due to (1.2) and (2.1),
whereθ (t) = 1 0 θ (x, t)dx, t ≥ 0. By the mean value theorem, there exists z(t) ∈ [0, 1] such thatθ (t) = θ (z(t), t). Thus
(3.14)
Integrating (1.3) over [0, 1] and using (1.5), (1.6) and (1.12), we arrive at
Now,
which, together with (3.4), implies
In view of (1.1), (2.1), (3.4), (3.7), (3.16) and (3.17), it follows, with integration by parts and Cauchy inequality,
From (3.1), (3.11), (3.12)-(3.14) and (3.18) it follows that
Lemma 3.4. There exists a positive constant, such that
Proof. By integrating (1.2) over [0, x] for any x ∈ [0, 1] and using the boundary condition, it follows that 
We estimate each term in (3.20) separately. We recall that
and introducing the following identities
we easily see that
Now, writing h(t) = u(x, t) and reminding that u ∈ L 2 ([0, 1] × [0, t[) it is easy to see that
In view of (2.2) and (3.11), Lemma 3.3 and the Cauchy Inequality,
By (2.1) and (3.11), Lemma (3.3), (3.14), (3.19 ) and the Cauchy Inequality,
Integrating by parts and using (1.1), (3.4), (3.7), Lemma (3.3), (3.16), (3.17), (3.19), Holder's inequality and Cauchy's inequality, it follows that
Now using (3.21)-(3.24) in (3.20) we have
from where it follows that
Main results
Now we can state our results in this work. We began by extending the result (I) for materials with memory.
Proof. It is clear from (3.7)
and then
Multiplying (1.2) by v and integrating over [0, 1], we obtain, with the help of (1.12) and (1.5), (1.6),
which, combined with (1.13) and (2.1), Lemma (3.3) and Lemma (3.4), implies
Now, (4.2) and (4.4) imply (4.1).
As a consequence of the previous result we will extend the result (II) for thermoviscoelastic materials with memory.
Proof. The result follows from (3.4) and (4.1) directly.
Finally we will prove the main theorem of this work, which extends the result (III) for thermoviscoelastic materials with memory.
Theorem 4.2. There exists a family of probability measure {ν x } x∈[0,1] on R (depending measurably on x) with supp ν x ⊂ K = {z : f (z) = 0} such that, if Φ ∈ C(R) and
Proof. We employ an idea of Andrews and Ball (see [4] ).
where u − and u + are the lower and upper bounds of u.
Multiplying (1.2) with φ and integrating over [0, 1] × [0, t[ and using the boundary condition, we get, with the help of (1.1) and (1.3) and integration by parts,
where denotes the differentiation with respect to u.
To show the existence of the limit of the left-hand side of (4.7), as t → +∞, we estimate each term on the right-hand side of (4.7).
For the first term, it is easy to see that
which tends to zero as t → +∞, due to (4.1).
The third term can be treated as follows:
for all t ≥ 0.
Therefore, the limit of the third term as t → +∞ exists by (3.7), Lemma 3.3, and the dominated convergence theorem. It is obvious that the term
Thus, the above estimates imply that
This, together with (4.6), (2.2) and θ > 0, yields the existence of , t) )dx, is either independent of t or tends to a limit as t → +∞.
Therefore, it follows that holds for an arbitrary Φ ∈ C([u − , u + ]). The existence of probability measures ν x follows directly from (4.8) and Theorem 5 in Tartar's paper [5] .
To prove that supp ν x ⊂ K = {z : f (z) = 0} a.e., it suffices to show that if Φ is zero on K then ν x , Φ = 0 a.e. But, if Φ is zero on K , then Φ(u(·, t)) → 0 in measure as t → +∞. Therefore, Φ(u(·, t)) → 0 in L ∞ [0, 1] as t → ∞, and hence ν x , Φ = 0 a.e., as required. The theorem has been proved completely now.
